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This paper investigates the existence of positive solutions for a class of nonlinear
fractional q-diﬀerence equations with integral boundary conditions. By applying
monotone iterative method and some inequalities associated with the Green’s
function, the existence results of positive solutions and two iterative schemes
approximating the solutions are established. An explicit example is given to illustrate
the main result.
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1 Introduction






= , t ∈ (, ),





where α ∈ (n – ,n] are a real number and n ≥  is an integer, Dαq are the fractional
q-derivative of the Riemann-Liouville type, μ >  and  < q <  are two constants, g , h
are two given continuous functions, and f : [, ] × [,∞) → [,∞)is continuous and
f (t, ) ≡  on [, ]. To the best of authors’ knowledge, there is still little utilization of
the monotone iterative method to study the existence of positive solutions for boundary
value problems of nonlinear fractional q-diﬀerence equations with integral boundary con-
ditions.
The monotone iterative method is an interesting and eﬀective technique for investigat-
ing the existence of solutions/positive solutions for nonlinear boundary value problems.
This method has been paid more and more attention due to the advantage that the ﬁrst
term of the iterative sequences may be taken to be a constant function or a simple func-
tion; see [–] and the references therein. For instance, by means of the monotone it-
erative technique and the method of lower and upper solutions, Xu and Liu [] studied
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the maximal and minimal solutions for a coupled system of fractional diﬀerential-integral
equations with two-point boundary conditions. In [], by means of monotone iterative
technique, Zhang et al. investigated the existence and uniqueness of the positive solution
for a fractional diﬀerential equation with derivatives. By applying the monotone iteration
method, Zhang et al. [] obtained the positive extremal solutions and iterative schemes
for approximating the solution of fractional diﬀerential equations with nonlinear terms
depending on the lower-order derivatives on a half-line.
Since , fractional q-diﬀerence equations have gained considerable popularity and
importance due to the fact that they can describe the natural phenomena and the math-
ematical model more accurately. For some recent contributions on the topic, see [–]
and the references incited therein. For example, under diﬀerent conditions, Graef and
Kong [, ] investigated the existence of positive solutions for boundary value problems
with fractional q-derivatives in terms of diﬀerent ranges of λ, respectively. By applying the
nonlinear alternative of Leray-Schauder type and Krasnoselskii ﬁxed point theorems, the
author [] established suﬃcient conditions for the existence of positive solutions for non-
linear semipositone fractional q-diﬀerence system with coupled integral boundary condi-
tions. By applying some standard ﬁxed point theorems, Agarwal et al. [] and Ahmad et
al. [] showed some existence results for sequential q-fractional integrodiﬀerential equa-
tions with q-antiperiodic boundary conditions and nonlocal four-point boundary condi-
tions, respectively. In [], relying on the contraction mapping principle and a ﬁxed point
theoremdue toO’Regan, Ahmad et al.were concernedwith newboundary value problems
of nonlinear q-fractional diﬀerential equations with nonlocal and sub-strip type boundary
conditions. In [], Yang et al. obtained the existence and uniqueness of positive solutions
for a class of nonlinear q-fractional boundary value problems and established the iterative
schemes for approximating the solutions.
Motivated by the results mentioned above and the eﬀectiveness and feasibility of mono-
tone iterative method, we consider the existence of positive solutions for fractional
q-diﬀerence boundary value problem (.). In Section , we present some preliminaries
and lemmas that will be used to prove our main results. The main theorems are formu-
lated and proved in Section . At last, an explicit example is given to illustrate the main
result in Section .
2 Preliminaries
For the convenience of the reader, we present some necessary deﬁnitions and lemmas of
fractional q-calculus theory. These details can be found in the recent literature; see []
and references therein.
Deﬁnition . ([]) Let α ≥ ,  < q < , and f be function deﬁned on [, ]. The frac-








(x – qt)(α–)f (t)dqt, α > ,x ∈ [, ],




q –  , ( – q)
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More generally, if α ∈R, then ( – q)(α) =∏∞n=(( – qn+)/( – q+α+n)).
For  < q < , the q-derivative of a real valued function f is here deﬁned by
(Dqf )(x) =
f (x) – f (qx)
( – q)x , x =  and (Dqf )() = limx→(Dqf )(x),













Deﬁnition . ([]) The fractional q-derivative of the Riemann-Liouville type of order








(x), α > ,
wherem is the smallest integer greater than or equal to α.
Lemma . ([]) Let α,β ≥ , and f be a function deﬁned on [, ]. Then the next formu-
las hold:
() (Iβq Iαq f )(x) = I
α+β
q f (x),
() (Dαq Iαq f )(x) = f (x).

















For the our analysis, we need the following assumptions:
(H) g : [, ]→ [,∞) is continuous and σ = μ ∫  sα–g(s)dqs < , θ = μ
∫ 
 sαg(s)dqs.
(H) h : [, ]→ [,∞) is continuous and  < ∫  ( – qs)(α–)h(s)dqs <∞.
Now we derive the corresponding Green’s function for boundary value problem (.),
and obtain some properties of the Green’s function.
Lemma . For any x ∈ C[, ], then the boundary value problem
Dαqu(t) + x(t) = , t ∈ (, ),
















H(τ , s)g(τ )dqτ , (.)
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H(t, s) = 
q(α)
{
tα–( – s)(α–) – (t – s)(α–), ≤ s≤ t ≤ ,
tα–( – s)(α–), ≤ t ≤ s≤ . (.)











From (.) and Lemma ., we can reduce (.) to the following equivalent integral equa-
tions:






From Djqu() = , ≤ j≤ n – , we have cn = cn– = · · · = c = . Thus, (.) reduces to






Using the integral boundary condition: u() = μ
∫ 




































Multiplying both sides of (.) by g(t) and integrating the resulting identity with respect
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This completes the proof of the lemma. 
Lemma . ([]) The function H(t, s) deﬁned by (.) has the following properties:
qα–tα–( – t)( – qs)(α–)s
q(α)




Lemma . The function G(t, s) deﬁned by (.) satisﬁes the following inequalities:
G(t,qs)≤ t
α–( – qs)(α–)
( – σ )q(α)
, ψ(t)ϕ(s)≤G(t,qs)≤ ϕ(s), ∀t, s ∈ [, ], (.)
where δ = μ
∫ 
 g(t)dqt, σ , θ are given in (H), and
ψ(t) = q
α–( – θ )tα–( – t)
[α – ]q( – σ + δ)
,
ϕ(s) = q[α – ]q( – σ + δ)( – qs)
(α–)s
( – σ )q(α)
, t, s ∈ [, ].




, t, s ∈ [, ]. (.)
Thus, by (.), (.), and (.), we have



















( – σ )q(α)
.
For any t, s ∈ [, ], by (.), (.), and the right inequality of (.), we get














q[α – ]q( – qs)(α–)s
q(α)
g(τ )dqτ
≤ q[α – ]q( – qs)
(α–)s
q(α)
+ q[α – ]qδ( – qs)
(α–)s
( – σ )q(α)
= ϕ(s).
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On the other hand, by (.), (.), and the left inequality of (.), we have


















α–tα–( – t)( – qs)(α–)s
q(α)
+ q
α–tα–(σ – θ )( – qs)(α–)s
( – σ )q(α)
≥ q
α–tα–( – t)( – qs)(α–)s
q(α)
(
 + σ – θ – σ
)
=ψ(t)ϕ(s)≥ .
Then the proof is completed. 
3 Main results
Consider the Banach space E = C[, ] with norm ‖u‖ = max≤t≤ |u(t)| and deﬁne the
cone K ⊂ E by
K =
{
u ∈ E : u(t)≥ ,u(t)≥ ψ(t)‖u‖, t ∈ [, ]},








dqs, t ∈ [, ].
It is easy to prove that problem (.) is equivalent to the ﬁxed point equation T u = u,
u ∈ C .
Lemma . Assume that (H) and (H) hold. T is a completely continuous operator and
T (K )⊆ K .
Proof In view of (.) we conclude that T (K ) ⊆ K . Applying the Arzela-Ascoli theo-
rem and standard arguments, we conclude that T is a completely continuous operator.
The proof is completed. 
For convenience, we denote
 =
( 






By the condition (H) we deduce that  >  is well deﬁned.
Theorem . Assume that (H) and (H) hold. In addition, we assume that there exists
a >  such that
f (t,x)≤ f (t, y)≤ a, for ≤ x≤ y≤ a, t ∈ [, ], (.)
where  is given by (.). Then problem (.) has two positive solutions v∗ and w∗ satisfying
 ≤ ‖v∗‖ ≤ ‖w∗‖ ≤ a. In addition, the iterative sequences vk+ = T vk , wk+ = T wk , k =
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, , , . . . , converge to positive solutions v∗ and w∗, respectively, where v(t) = , w(t) =
atα–, t ∈ [, ].Moreover,
v(t)≤ v(t)≤ · · · ≤ vk(t)≤ · · · v∗(t)≤ w∗(t)
≤ · · · ≤ wk(t)≤ · · · ≤ w(t)≤ w(t), t ∈ [, ].
Proof We will divide our proof into four steps.
Step . Let Ka = {u ∈ K : ‖u‖ ≤ a}, then T (Ka)⊆ Ka. In fact, if u ∈ Ka, then we have













( – σ )q(α)
h(s)f (s,a)dqs
≤ a( – σ )q(α)
∫ 

( – qs)(α–)h(s)dqs = a, t ∈ [, ],
which implies that ‖u‖ ≤ a, thus T (Ka)⊆ Ka.
Step . The iterative sequence {vk} is increasing, and there exists v∗ ∈ Ka such that
limk→∞ ‖vk – v∗‖ = , and v∗ is a positive solution of problem (.).
Obviously, v ∈ Ka. Since T : Ka → Ka, we have vk ∈ T (Ka)⊆ Ka, k = , , . . . . Since
T is completely continuous, we assert that {vk}∞k= is a sequentially compact set. Since
v =T v =T  ∈ Ka, we obtain
a≥ v(t) = (T v)(t)≥ (T )(t)≥  = v(t), t ∈ [, ].
It follows from (.) that T is nondecreasing, and then
v(t) = (T v)(t)≥ (T v)(t) = v(t), t ∈ [, ].
Thus, by the induction, we have
vk+(t)≥ vk(t), t ∈ [, ],k = , , , . . . .
Hence, there exists v∗ ∈ Ka such that limk→∞ ‖vk – v∗‖ = . By the continuity of T and
equation vk+ =T vk , we get v∗ =T v∗. Moreover, since the zero function is not a solution
of problem (.), ‖v∗‖ > . It follows from the deﬁnition of the coneKa that we have v∗(t)≥
ψ(t)‖v∗‖ > , t ∈ (, ), i.e. v∗(t) is a positive solution of problem (.).
Step . The iterative sequence {wk} is decreasing, and there exists w∗ ∈ Ka such that
limk→∞ ‖wk –w∗‖ = , and w∗ is a positive solution of problem (.).
Obviously, w ∈ Ka. SinceT :Ka → Ka, we have wk ∈ T (Ka)⊆ Ka, k = , , . . . . Since
T is completely continuous, we assert that {wk}∞k= is a sequentially compact set. Since













( – σ )q(α)
h(s)f (s,a)dqs
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≤ at
α–




= atα– = w(t), t ∈ [, ].
Thus we obtain w(t)≤ w(t), t ∈ [, ], which together with (.) implies that
















= (T w)(t) = w(t), t ∈ [, ].
Thus, by the induction, we have
wk+(t)≤ wk(t), t ∈ [, ],k = , , , . . . .
Hence, there exists w∗ ∈ Ka such that limk→∞ ‖wk – w∗‖ = . Applying the continuity of
T and the deﬁnition of K , we can concluded that w∗(t) is a positive solution of problem
(.).
Step . From w(t)≤ w(t), t ∈ [, ], we get
















= (T w)(t) = w(t), t ∈ [, ].
By the induction, we have
vk(t)≤ wk(t), t ∈ [, ],k = , , , . . . .
The proof is complete. 
Corollary . Assume that (H) and (H) hold. Suppose further that f (t,u) is nondecreas-





The conclusion of Theorem . is valid.
Remark . The iterative schemes in Theorem . start oﬀ with the zero function and a
known simple function which is helpful for computational purpose, respectively.
Remark . Of course, w∗ = v∗ may happen and then problem (.) has only one solu-
tion in Ka. For example, in the case the Lipschitz condition is satisﬁed by the functions
involved, the solutions v∗ and w∗ coincide, and then problem (.) will have a unique so-
lution in Ka.
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4 An example
Example . Consider the fractional q-diﬀerence equation with integral boundary con-
ditions
D/q u(t) + t
(
u + t + 
)
= , t ∈ (, ),





Here, q = /, α = /, μ = , g(t) = h(t) = t, and f (t,u) = u + t + . It is easy to see that
(H) and (H) hold. If we let a = , by simple computation, we have
 =
( 












f (t,u)≤ f (t, )≤ f (, ) =  < .≈ a, (t,x) ∈ [, ]× [,a].
Then (.) is satisﬁed. Consequently, Theorem . guarantees that problem (.) has at
least two positive solutions v∗ and w∗, satisfying ≤ ‖v∗‖ ≤ ‖w∗‖ ≤ a.
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